ABSTRACT: The plasmon enhancement of molecular hyperRaman scattering, the nonlinear counterpart of Raman scattering, which involves the absorption of two fundamental photons, is investigated with emphasis on low energy molecular vibrations. The two-photon excitation of the molecule is treated using its hyperpolarizability β, and the emission of the hyperRaman photons is computed using a dipole emitter located at the molecule position. The electromagnetic response of the plasmonic systems is evaluated using a surface integral equation method, which makes possible considering both planewave and dipole excitations in a single formalism. Taking into account different geometries (including multiresonant antennas and silver heptamers supporting Fano resonances), the experimental parameters influencing the enhancement of the molecular hyperRaman scattering are discussed in detail. In particular, it is shown that a good excitation at the fundamental stage is not sufficient for reaching a good enhancement factor and that an optimization of the electromagnetic response of the plasmonic substrate is also important at the emission wavelength. The competition between the molecular hyper-Raman scattering signal and the background signal, that is, the second harmonic generation, is discussed. The latter can be reduced in specific structures by taking advantages of the key role played by the symmetry of the structure for hyper-Raman scattering and second harmonic generation. This way, we propose a nanostructure where the second harmonic generation can be reduced in the detection direction, enabling the hyper-Raman scattering signal from single donor−acceptor "push−pull" chromophores to be experimentally recorded with a low noise level using surface-enhanced hyper-Raman scattering. It is particularly remarkable that the hyper-Raman signal from one molecule can be stronger than the second harmonic generation from a complete plasmonic nanostructure, despite the considerable volume difference between both nano-objects. This fundamental observation stems from the different selection rules for both nonlinear optical processes.
■ INTRODUCTION
Recording the optical response of molecules is a fundamental method for measuring their vibrational and chemical properties. 1 However, some of the information is lost in ensemble measurements because only averaged values are accessible. As a consequence, the most subtle physical phenomena occurring in molecules cannot be observed in ensemble measurements and single molecule measurements are necessary for their full understanding. 2, 3 The observation of energy transfer in a single light-harvesting complex is a good example of the recent achievements in this field of research. 4 However, the interaction between an optical field and a single molecule is very weak, and plasmonic nanoantennas have proved themselves as a helping hand for the observation of single molecules. 5−8 Indeed, plasmonic nanostructures have the ability to concentrate incoming light into a tiny volume, down to the nanoscale, and to control the emission of a molecule located in its vicinity, thus opening the way for surface-enhanced spectroscopy techniques. 9−13 Among all of the surface-enhanced spectroscopy techniques, the most popular and used is indubitably surface-enhanced Raman spectroscopy (SERS). 14−20 Raman scattering (RS) is a spectroscopy technique that measures the vibrational modes of a given molecule. In a first approximation, one can consider that the enhancement of the Raman intensity scales with the fourth power of the local electric field, emphasizing the benefit of localized surface plasmon resonances for its observation. 8,14−21 The high local electric field provided by plasmonic nanostructures has also been used to increase the infrared absorption of molecules (surfaceenhanced infrared spectroscopy), 13, 22, 23 as well as coherent anti-Stokes Raman spectroscopy. 24−26 Coherent anti-Stokes Raman spectroscopy has been recently used to follow, in real time, the vibration of a single molecule sandwiched by two gold nanoparticles. In this time-resolved experiment, the main challenge was to separate the coherent anti-Stokes Raman spectroscopy signal from the single molecule and the strong coherent anti-Stokes Raman spectroscopy signal from the gold nanodimer itself. 27 In this Article, we turn attention to hyperRaman scattering (HRS), which is another nonlinear optical phenomenon to probe molecular vibrations but involving only two pump photons contrary to coherent anti-Stokes Raman spectroscopy, which involves an additional Stokes photon; see Figure 1a . Contrary to its linear counterpart, the enhancement of HRS has only been sparsely studied despite its clear potential for the observation of low energy molecular vibrations and vibrational molecular modes inactive in both RS and infrared absorption. 28−31 Contrary to RS, HRS involves the absorption of two fundamental photons, and, consequently, the HRS is well separated spectrally from the incident laser light, which represents a significant experimental advantage; see Figure  1a . 28−31 Indeed, the rejection of the laser light is an important problem for the observation of low energy molecular vibrations with SERS because the spectral shift from the laser wavelength is small for this inelastic optical process. Furthermore, HRS is a nonlinear optical process, which involves three photons in total and must obey specific selection rules. 32 These selection rules were theoretically derived in the framework of the group theory demonstrating that some of the vibrational molecular modes active in HRS are inactive in both RS and infrared absorption. 32 It is then obvious that HRS is complementary to both RS and infrared absorption, which are nowadays well-known and established spectroscopy techniques. Unfortunately, the specific molecular information provided by HRS cannot be exploited without any plasmon enhancement, because the HRS signal from a single molecule is several orders of magnitude weaker than the RS signal. 28 For example, the ratio between HRS and RS has been estimated to be 5 × 10 −9 for bulk crystal violet molecules at a laser power of 10 7 W/cm 2 . 33−35 However, the important criteria for making a good plasmonic substrate for surface-enhanced hyper-Raman scattering (SEHRS) have not been discussed in detail as was done in the past for SERS and SIERA. 36, 37 The development of such an efficient substrate can unleash the potential of SEHRS, down to the single molecule sensitivity. 38 In this Article, we numerically study the design and the optimization of plasmonic substrates for SEHRS. Following an approach previously developed for the study of SERS, 39 the two-photon excitation of the molecule is treated using its hyperpolarizability β, and the electromagnetic response of the plasmonic systems is computed with a surface integral equation (SIE) method. 40, 41 Taking into account different geometries (including multiresonant antennas 42 and Fano resonant oligomers 43 ), the different parameters influencing the HRS enhancement are discussed. Because HRS is a tool of choice for recording low energy molecular vibrations, we also discuss how the background signal, that is, the SHG, can be reduced in the detection direction and demonstrate that the HRS signal from single donor−acceptor "push−pull" chromophores can be experimentally recorded with a low noise level using SEHRS.
■ NUMERICAL METHODS
The linear optical responses have been calculated using a surface integral formulation. 40, 41 All of the nanostructures are embedded in a homogeneous medium with refractive index n = 1.25 reproducing the influence of a glass substrate on their optical response. The dielectric constants for gold are taken from experimental data at both the fundamental and the second harmonic wavelengths. 44 For the SHG computations, the linear surface currents are used for the evaluation of the fundamental electric fields just below the gold surfaces and then used for the calculation of the surface second harmonic polarization. 45, 46 Only the component χ surf,nnn of the surface tensor, where "n" denotes the component normal to the surface, is considered. Recent experimental results shows that this term dominates the surface response of metallic nanoparticles. 47, 48 Note that other contributions to the second harmonic signal, the component The Journal of Physical Chemistry C Article χ surf,ttn of the surface tensor (where t denotes the component tangential to the surface) and bulk contribution, are theoretically allowed, but these terms contribute only weakly to the total second harmonic wave. 47, 48 The second harmonic surface currents are obtained solving the SIE formulation taking into account the nonlinear polarization and enforcing the boundary conditions at the nanostructure surfaces. 49 As the linear surface currents, the second harmonic surface currents are expanded on RWG basis functions. The expanding coefficients are found applying the method of moments with Galerkin's testing. 40, 41 A Poggio−Miller−Chang−Harrington− Wu formulation is used to ensure accurate solutions even at resonant conditions. 40, 41 The second harmonic electric field is then deduced from the second harmonic surface currents using a two-term subtraction method for the evaluation of Green's functions. 45, 46 ■ RESULTS AND DISCUSSION
The nanostructures investigated in this Article are shown in Figure 1 . Aluminum dipolar antennas (DA) with various arm lengths L (ranging from 110 to 190 nm) are first considered, Figure 1b . These structures exhibit a single resonance. Next, we discuss nanostructures specifically designed to exhibit spectral features at both the fundamental and the second harmonic wavelengths: double resonant antennas (DRA, Figure 1c ) and silver heptamers, Figure 1d . Because we are interested in nonlinear phenomena in the short wavelength range of the visible spectrum, we resort to aluminum (Al) for the different nanostructures investigated here; indeed, Al is much better suited than gold or silver for that part of the spectrum. The dispersive permittivity values for Al are taken from the scientific literature. 50 Let us first evaluate the electromagnetic responses of Al dipolar nanoantennas using the SIE method. 41 The intensity enhancement at the gap center, defined as the intensity at the gap center divided by the intensity of the incoming wave, is shown as a function of the wavelength of the incident wave for different antenna lengths L in Figure 2a . A planewave polarized along the x-direction and propagating along the z-direction is considered. As expected, the resonance wavelength red-shifts when the antenna length increases. In the following, a pump with a wavelength λ = 800 nm will be considered for the evaluation of the SEHRS signal; note however that the present study can be extended to any pump wavelength without any difficulties. In this configuration, the highest intensity enhancement is obtained for L = 150 nm. The radiative properties of a dipole emitter are also modified by a plasmonic system in its vicinity. 51−56 The influence of the Al DA on the enhancement of a dipole source located at the gap center and aligned along the x-axis is now calculated. Figure 2a shows the emitted intensity evaluated in the far-field region, at the point (0, 0, 50 μm), normalized to the emitted intensity for an isolated dipole in a homogeneous medium without DA. The result is identical to the intensity enhancement in the nanogap when the nanoantennas are driven by an incoming planewave, as expected from reciprocity. 40 As we will see in the following, the determination of the HRS enhancement is straightforward using the reciprocity between far-field excitation and dipole emission. 57 Having determined the electromagnetic properties of the Al DA, we now turn our attention to the SEHRS. The HRS intensity from a molecule is related to its hyperpolarizability β. Note that an alternative excitation mechanism, involving SHG followed by SERS, was shown to be inefficient for generating a strong enough signal to compete with the SEHRS signal. 30 The determination of the molecular hyperpolarizability is beyond the scope of the present work, but it is worth mentioning that numerical methods have been specifically developed for its computation, as density-functional theory and Hartree−Fock methods based on Taylor expansion of the hyperpolarizability The Journal of Physical Chemistry C Article and perturbation method.
58−61 Here, we further neglect the tensorial nature of the hyperpolarizability and consider only the β xxx component. The generalization to other tensor elements is straightforward. Furthermore, placing a molecular emitter at a specific spot within a plasmonic antenna is actually not necessary, because the field enhancement is much stronger in the gap of the antenna. Hence, even if molecules were spincoated on the entire substrate, it is only those in the gap that will contribute to the experimental signal; this is especially the case for these experiments that use a nonlinear response of the system. The emitting dipole is given by
where r is the molecule position. Because we focus on low energy molecular vibrations, the HRS frequency is close to the second harmonic frequency (ω HRS ≈ 2ω), the Raman shift being small. Using the reciprocity between far-field excitation and dipole emission, 40, 56 the enhancement of the HRS emitted in the forward direction relative to that of a molecule in a homogeneous medium without nanostructure is given by the enhancement factor G SEHRS defined as
where E x denotes the ratio between the x-component of the electric field with and without the nanostructure at the position r. The enhancement factor G SEHRS has been evaluated for an incident wavelength λ = 800 nm, corresponding to an emitting wavelength λ = 400 nm, for a molecule located in the gap center of different DA (see Table 1 ). For comparison, the enhancement factor of the Raman scattering G SERS is determined by
The corresponding values are also reported in Table 1 . Note that the factor G SERS corresponds to the excitation stage of the factor G SEHRS . Several important observations can be made from Table 1 . First, a higher enhancement at the excitation stage does not necessary result in a higher enhancement factor G SEHRS despite the nonlinear dependence. Indeed, a good enhancement at the excitation stage can be offset by a poor enhancement at the emission stage (L = 190 nm). Second, the enhancement factor G SEHRS is 1 order of magnitude higher than the factor G RS for L = 110 and 150 nm, but not for L = 190 nm, where it is actually about 3 times smaller than G SERS . These two observations underline the importance of the electromagnetic properties of the plasmonic nanostructure at the emission step. This importance is further evidenced when looking at the emission patterns, red polar plots in Figure 2 . For a fixed emission wavelength λ = 400 nm, the emission pattern of a dipole located at the gap center of a nanoantenna evolves with the length of the nanoantenna arms, from a dipole emission for L = 110 nm to a quadrupole emission for L = 190 nm, Figure   2b , d, and f. This evolution is due to the mode distribution at λ = 400 nm, where higher order modes can be excited for longer antennas (see the evolution of the near-field intensity in Figure  3) . 63, 64 For low energy molecular vibrations, the strong incident laser light makes the direct observation of the weak SERS signal almost impossible. Indeed, suitable optical filters are required to reject the strong excitation laser to clearly observe Raman lines with a spectrometer. Contrary to RS, the hyper-Raman signal is far away from the pump wavelength; see Figure 1a . On the other hand, the wavelength of the hyper-Raman signal is close to the second harmonic wavelength for HRS involving low energy molecular vibrations, and the SHG from the plasmonic nanostructure could exceed the SEHRS signal. 65 Furthermore, the second harmonic intensity from the molecule is also related to its hyperpolarizability β. Hence, the SEHRS and the SHG signals from the molecule have nearly identical intensities, and this SHG cannot wipe out the SEHRS signal. 66 While the SHG from plasmonic structures is much weaker than the incident light, 67−69 it is also important to reduce the second harmonic intensity to increase the SEHRS visibility. To determine the relative properties of the SEHRS signal and the SHG from the plasmonic nanostructure, the SHG from the Al DA has been evaluated using a surface integral equation method, 45, 46 and the corresponding emission patterns are shown as blue polar plots in Figure 2 . Contrary to HRS, where the DA is driven by a dipole in the nanogap, SHG arises from the nanoantenna surface, where the centrosymmetry is broken. 47, 48 The different physical origins for these two processes result in different emission patterns and near-field distributions; see Figures 2−4. Because of its symmetry properties, SHG always vanishes in the forward and backward directions, Figure 4 , opening here two windows for the detection of the SEHRS signal in convenient directions that can be easily implemented experimentally. 70 Note that the second harmonic wave is described using even modes with respect to the origin of the system and the xcomponent of the second harmonic electric field vanishes in the (O, x, z) plane. 71 However, the enhancement factor G SEHRS for the Al DA is much weaker than some of the factors G SERS reported in the literature for various plasmonic nanostructures. 17 Indeed, the highest enhancement G SEHRS for the Al DA is 2.5 × 10 5 , while the factor G SERS can be as high as 10 10 for good SERS substrates. 15, 16 It is therefore necessary to consider other plasmonic structures to increase the factor G SEHRS .
To this end, because the wavelength of the HRS signal is close to the second harmonic wavelength for HRS involving low energy molecular vibrations, we investigate nanostructures that have been specifically designed to be resonant at both the fundamental wavelength (λ = 800 nm) and the second harmonic wavelength (λ = 400 nm). The DRA, a nanoantenna composed of three arms (two small arms and one long arm) and made of aluminum, 72 is a good example of such multiresonant nanostructures for nonlinear plasmonics, Figure  1c . 42 Following the previous approach developed for the Al DA, the intensity enhancement in the gaps when the DRA is driven by a planewave, and the enhancement of the dipole radiation has been evaluated using the SIE method, Figure 5 and Table 2 . As expected, an enhancement of the intensity in both gaps is observed for wavelengths close to λ = 400 and 800 nm. Despite this fact, the enhancement factor G SEHRS for the DRA is lower than that of the Al DAs with L = 110 or 150 nm because the dipolar resonance is large enough to be excited at 400 nm in the latter cases; compare Figure 2 with Figure 5 . Furthermore, the The Journal of Physical Chemistry C Article second harmonic intensity, which is inclined to hide the HRS signal, is about 10 times higher for the DRA than for the DA; see Figure S1 in the Supporting Information. Figure 5 indicates that the asymmetry of the SHG does not open a window in the forward and backward directions for the DRA. Actually, the near-field distributions (Figure 6 ) of the SHG and of the dipole are very similar because the selection rules are broken in an asymmetric nanostructure. Because of all of these disadvantages, the DRA is not a plasmonic substrate of choice for SEHRS.
Recently, Fano resonances resulting from the coupling between a bright mode and dark mode have been used in nonlinear plasmonics to increase and control the fundamental near-field intensity; 73−76 they have also been used to enhance the Raman signal by taking advantage of their very strong nearfield. 75 From the previous discussions about SEHRS with DA and DRA, it is clear that a good plasmonic substrate for SEHRS should be symmetric. For this reason, we consider now silver heptamers. The gaps between the silver nanoparticles are fixed to 10 nm for all of the gaps in the structure; all of the The Journal of Physical Chemistry C Article nanoparticles have the same diameter, which we vary between 70 and 120 nm. In the following, the field enhancement in two specific gaps is considered, which we denote as gap 1 and gap 2, Figure 1d . Gap 1 is one of the gaps between the three aligned silver nanodisks (x > 0 and y = 0), and gap 2 is the gap between the two silver nanodisks on the top of the heptamer (x = 0 and y > 0), Figure 1d . The intensity enhancements in the two other gaps are similar to those in gap 1 and gap 2, due to the symmetry properties of the heptamer, but not necessary equal. The backward scattered intensity reveals a Fano resonance with a dip position between λ = 600 and 820 nm, depending on the nanoparticles diameter, Figure 7a . 43, 77 As expected, the excitation of the plasmonic dark mode induces a strong intensity enhancement in gaps 1 and 2, where it can exceed 2500× the incident intensity; see Figure 7b and Supporting Information Figure S2 . The intensity enhancements in gaps 1 and 2 are different due to the interference between the bright mode and the dark mode resulting in the Fano resonance. 73 The enhancement factors G SEHRS calculated for a molecule in gap 1 or 2 for the different disk diameters are reported in Table  3 . The values obtained are several orders of magnitude higher (at least ∼10 Tables 1 and 3) ; this underlines the benefit of plasmonic Fano resonances for molecular spectroscopy. As emphasized previously, the other key experimental point is the respective directivity of the second harmonic signal from the plasmonic nanostructure and that of the HRS signal from the studied molecule. The corresponding emission patterns are shown in Figure 7 for the Fano-resonant structure. In the case of a molecule in gap 1, the SEHRS emission pattern is always asymmetric due to the nonsymmetric excitation of the silver heptamers ( Figure 8 and Supporting Information Figures  S3,S4) , and the SEHRS signal cannot be easily collected without SHG background. However, the HRS signal from a molecule in gap 2 is collimated along the z-axis (in the (O, x, z) plane), directions in which the second harmonic signal vanishes. This behavior is easily understood considering symmetry. Indeed, a dipole emitter excites odd-modes in the silver heptamers while SHG excites even-modes; compare Figure 8e with Figure 8f . Because the (O, x, z) and (O, y, z) planes are symmetry planes for the second harmonic electric field, the second harmonic intensity vanishes along the z-axis, opening there a window for the observation of the HRS signal with low SHG as was also the case for the DA. The SIE method can be used to compare the relative SHG between different plasmonic nanostructures. Here, we wish to make a quantitative comparison between the SHG from a heptamer and the SEHRS from a molecule interacting with that nanostructure. Hence, we need to determine the absolute hyperpolarizability of the silver heptamer expressed in esu. To this end, we performed SIE calculations for spherical 150 nm gold nanoparticles and used the corresponding experimental hyperpolarizability 78 β = 1.1 × 10 −23 esu to deduct the heptamer hyperpolarizability. The experimental surface susceptibilities of gold and silver reported in ref 79 are used. 79 This way, we are able to report in Figure 9 simultaneously the SHG from the heptamer and the SEHRS for a molecule located in gap 2. As molecule we consider a donor−acceptor "push−pull" chromophore with a hyperpolarizability β = 3 × 10 −27 esu. 80 The relative second harmonic and SEHRS signals shown in Figure 9 indicate that, although the maximal second harmonic intensity is 1 order of magnitude higher than the maximal HRS intensity, two windows with higher HRS intensity are clearly visible in the z-direction. Defining the limit of these windows as the angles for which the HRS and SHG intensities are equal, the window in the forward direction corresponds to a numerical aperture of 0.28, indicating that the two signals can be experimentally separated in confocal measurements. These results clearly point to an experimental configuration where SEHRS involving low energy molecular vibrations can be recorded with a low second harmonic background coming from the plasmonic substrate.
■ CONCLUSIONS
In summary, the design and the optimization of plasmonic substrates for SEHRS have been discussed. The two-photon excitation of the molecule was described using its hyperpolarizability β, and the emission of the hyper-Raman photons was reproduced using a dipole emitter located at the molecule position. Considering different geometries (including multiresonant antennas and silver heptamers supporting Fano resonances), the parameters influencing the enhancement of the HRS and its separation with the SHG from the plasmonics substrate have been investigated. The results reported in this Article emphasize the importance of optimizing the electromagnetic properties of the plasmonic substrate at both the The Journal of Physical Chemistry C Article excitation and the emission wavelengths. This theoretical study paves the way for future experimental investigation of SEHRS.
It is particularly important to extend surface-enhanced spectroscopy to SEHRS because some molecular vibrations The Journal of Physical Chemistry C Article inactive in SERS and surface-enhanced infrared spectroscopy are active in SEHRS due to its different selection rules. The complementarity between SERS, surface-enhanced infrared spectroscopy, and SEHRS provides a unique possibility for characterizing the vibrational states and properties of single molecules. The method for rejecting the nonlinear signal from plasmonic substrate during surface-enhanced spectroscopy measurements presented in this Article is general and can be extended to other techniques, such as coherent anti-Stokes Raman spectroscopy, for example.
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The authors declare no competing financial interest. Figure 8 . Near-field distribution of the electric field intensity close to silver heptamers driven by a dipole polarized along the x-axis and located (a) at the center of gap 1 and (b) at the center of gap 2. The emission wavelength is λ = 400 nm. The gap is fixed to 10 nm and the disk diameter is 120 nm. (c) Near-field distribution of the SH intensity close to the same silver heptamer for a SH wavelength λ = 400 nm. (d−f) Corresponding real part of the x-component of the electric field Re(E x ) evaluated under the same conditions. Figure 9 . SHG from the silver heptamer with disk diameter d = 120 nm and SEHRS from a donor−acceptor "push−pull" chromophore with a hyperpolarizability of β = 3 × 10 −27 esu located in gap 2. The two red arrows indicate the scattering angle ranges for which the HRS intensity is higher than the SHG intensity.
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